Let X be an n-dimensional compact Kähler manifold, E → X a Hermitian vector bundle and L → X an ample line bundle. We construct a family of evolution equations corresponding to the almost Hermitian-Einstein equations introduced by Leung in [2] and [3] and prove that the solution exists for a short time. We consider a family of funtionals D η corresponding to the family of evolution equations and show that each one of these functional is decreasing along the corresponding evolution equation. We also show that each one of these functionals is a potential funtion on the space of Hermitian metrics on E.
Introduction and Main Results
The problem for the existence and uniqueness of Hermitian-Einstein metrics for Munford stable bundles has been solved by Uhlenbeck and Yau in [5] using the continuity method and Donaldson in [1] (or see [4] ) using the heat equation method. Under a smoothness assumption on the bundles, Leung in [2] and [3] proved a similar result in the case of the almost Hermitian-Einstein metrics for Gieseker stable bundles based on a singular perturbation technique and a result obtained by Uhlenbeck and Yau. This motivates us to study the almost HermitianEinstein metrics by using the heat equation method.
We will give some definitions in order to state our results and we will discuss them in the later sections.
The setting is the following. Let (E, H 0 ) be a Hermitian vector bundle over a Kähler manifold (X, ω), L an ample line bundle over X and H is a path with H(0) = H 0 in the space of Hermitian metrics on E. The k-almost-Hermitian-Einstein equation is given by
where F is the curvature 2-form on the Hermitian vector bundle (E, H), k is a positive integer, T d(X) is the harmonic representative with respect to ω of the Todd class of X , rk(E) is the rank of E and χ(X, E ⊗ L k ) is the Euler characteristic of the bundle E ⊗ L k :
Using tensor notation and letting η = 1/k, the k-almost-Hermitian equation can be written as
where O(η) denotes the terms with η in the defintion of k-almostHermitian-Einstein equation. We can, therefore, define the k-almostHermitian-Einstein flow bẏ
where R 1 = log det(tr(HH
(n−j)! . Now we state our results: Theorem. The solution of the k-almost-Hermitian-Einstein flow exists for a short time for k large. Theorem. The funtional D η is decreasing along the k-almost-HermitianEinstein flow. Theorem. D η is the potential function of some conservative vector field on the space of Hermitian metrics. That is, if we have two paths join H 0 and H and assume we can deform the first path to the second one by h(s, t) with h(s, 0) = I and h(s, 1) = HH −1 0 so that h(0, t)H 0 and h(1, t)H 0 are the two paths joining H 0 and H, then D η is constant along this deformation of paths.
Leung's work
In this section, we will give a brief review of Leung's work on this problem. Leung introduces a family of equations, which can be written as:
[exp
where F is the curvature 2-form on a Hermitian vector bundle (E, H) over a compact Kähler manifold (X, ω), k is a positive integer, T d(X) is the harmonic representative with respect to ω of the Todd class of X, L is an ample line bundle on X and 
where
(n−j)! . This is in fact a nonlinear elliptic system of equations when η(> 0) is small. For convenience, sometimes we write
where O(η) denote the higher degree terms in η in the above expression. It is also not hard to see that when η goes to zero, this equation will reduce to the Hermitian-Einstein Equation on E
There is an interesting interpretation for the almost HermitianEinstein equations. In fact, Leung defines a one-parameter family of gauge invariant symplectic structures on the space of connections on E as follows:
where B and C are tangent vectors of the space of connections at D A which can be identified as End(E) valued one-forms on X, and F A is the curvature tensor of the connection D A . Then, it can be shown that the corresponding moment map is:
Leung is able to construct symplectic quotients in this case.
On the other hand, Leung also considers a notion from Geometric Invariant Theory, namely the Gieseker stability condition on a bundle:
Definition (Geiseker stability) Let E be a rank r holomorphic vector bundle (or coherent torsion-free sheaf in general) over a projective variety X with ample line bundle L, E is called Gieseker stable if for any nontrivial coherent subsheaf S of E, we have
He shows: Theorem. Let E be an irreducible sufficiently smooth holomorphic vector bundle over a compact Kähler manifold X. Then E is Gieseker stable if and only if there exists an almost Hermitian-Einstein metric on E. flow method. We start with a fixed Hermitian metric H 0 and deform it through a one-parameter family of Hermitian metrics H(t). Set h = h(t) = H(t)H −1 0 ∈ End(E). A naive way to define a flow is to seṫ
where the right hand side of the equation is the almost HermitianEinstein equation multiplied by h and η is just 1/k. We name it k-AHE (or η-AHE) flow. It is not hard to see both sides of this equation are End(E)-valued. We want to solve this equation for η small, and we know that the principle symbol of ∧F is actually the same as the symbol of Laplacian ∆. Right away we can see the principle symbol of the left hand side of k-AHE flow is still elliptic at initial time. We get the following short time existence result:
Theorem (Short time existence) Let (X, ω) be a compact Kahler manifold with Kahler form ω and (E, H 0 ) be a Hermitian vector bundle with hermitian metric H 0 on X, then the solution of the k-HermitianEinstein flow exists for a short time for k large.
Almost Hermitian-Einstein funtional
Following the strategy of Donaldson, we can define the functional for the k-AHE flow as:
where η = 1/k, R 1 = log det(tr(HH . By a straight forward computation, it is also not hard to see 
Lemma. X nR 2 ∧ ω n−1 − µ E R 1 ω n is independent of the path of Hermitian metrics (see [4] ).
For the third term, we are going to show that each single term in the summand is also independent of the path of metrics. Hence, when we sum them up, the sum is independent of the path.
This means that we can simply deal with the following term:
Let's compute R 3ts .
By the commutation formula
Here, we can see the second term in each line and the third term in the next line cancel. The underlined terms also cancel, because trAB = trBA if A and B are even-form-valued matrices of the same size. Hence we rewrite it as
we get
. We notice that the final two terms of X tr
Next, by using integration by parts, Bianchi identities, and the fact that Todd classes are combinations of chern classes, which are all closed forms, on the rest of the terms of X tr
We claim the sum of these 2k terms is zero. We consider the i-th term and the (2k − i + 1)-th term as a pair. For simplicity, assume i = 1, then this pair
cancel, because trAB = −trBA if A and B are odd-form-valued matrices of the same size. The same argument works on the other pairs, and this proves the claim. Suppose we have two paths joining H 0 to H, then we have h(s, t) with h(s, 0) = I and h(s, 1) = HH 0 −1 and
Because h s = 0 at t = 0 and 1. This finishes the proof of the theorem.
The evolution equations of some geometric quantities
In this section we are going to compute the evolution equations of some geometric quantities, such as norm of curvature and moment map. These computations will show there are some significant differences between the Hermitian-Einstein flow and the almost HermitianEinstein flows. For simplicity, let's compute the case when the base manifold X is of dimension 2 and the vector bundle E is of rank 1. In this case the η-almost Hermitian-Einstein equation:
If we write down the local coordinate expression of the evolution equation for the metric h on the line bundle E, we get:
where F is the curvature of the bundle E, R is the curvature of the base manifold X,F means F iī andR is defined similarly. Now, let's derive the evolution equation for F :
Hence we have
Next we compute the η -terms:
In the case of Hermitian-Einstein metrics [4] , we know that if
So in our case the evolution equation should be:
To summarize,
≤ η(low order terms).
Unlike the Hermitian-Einstein flow, the second order part of this inequality is not a Laplacian. It is possible that the equation loses its ellipticity for some t.
Next we are compute the evolution of the moment. We write k-AHE flow in the following form:
The moment map is µ = [exp RecallḞ =∂∂ H (ḣh −1 ) for any flow. Combining these together, we get: This is the evolution equation for the moment map µ. We can observe that it is a polynomial in k. The highest degree term has coefficient ∆ µ ω n n!
, but the rest of the terms involve F, which can't be converted to µ.
Remark. In Donaldson's proof [1] (or see [4] ), he is able to control many important geometric quantities. That futher shows the long time existence and even the convergence of the Hermitian-Einstein flow under the stablity assumption. It will be interesting to check if similar properties hold in the almost Hermitian-Einstein case.
